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Abst rac t - -Th is  paper concerns with the demonstration f a counterexample to the coustruction of 
a Cl-rational finite dement due to Wacheprees [1]over the triangle for which the degree of approxi- 
mation is two. In particular, we have shown that the C°-continuity isnot attained by the adjacent 
elements. 
1. INTRODUCTION 
Recently, Wachspress [1] has described the rational construction of basis functions for patchwork 
CKapproximation over a regular algebraic mesh of a planar region. The authors have studied the 
Cl-construction given in [1] over the triangular elements for the approximation of degree two and 
three, respectively. The construction regarding a quadratic CKelement constitutes a Hermite 
quadratic element with the usual six quadratic basis functions and three additional rational basis 
functions. 
Following the rational construction demonstrated by Wachspress, in the present paper we have 
evaluated the interpolants corresponding to two adjacent riangular elements for the approxima- 
tion of degree two, with the special choice of the triangulation of the planar region and show that 
the C°-continuity does not hold in this case. 
2. WACHSPRESS C1-ELEMENT 
In this section we describe the Cl-element due to Wachspress over a triangle for degree two 
approximation. Some fundamental concepts are recalled in order to study the Cl-element. 
~.1 Background: Algebraic Geometry and Differential Calculus 
The following results of algebraic geometry and differential calculus are essential to appreciate 
the Cl-construction due to Wachspress [i].
LEMMA 2.1. I f  the curves P and R do not contain the irreducible curve Q and the divisor of P 
on Q is equal to the divisor of R on Q, then P is congruent to R on Q (cf. Theorem 1 of [1 D. 
Here "divisor" is a generalization of the "set of intersections," and P congruent to R on Q 
means that there is a constant c such that P - c R = 0 on all of curve Q (cf. [2]). 
LEMMA 2.2. I f  the polynomial P(z,y)  vanishes everywhere on the irreducible curve G (on which 
G(x, y) = 0), then G is a factor of P. If the derivative of P normal to curve G is a/so zero 
everywhere on G, then G 2 is a factor of P (cf. Theorem 2 of [1]). 
Editor's note: The element considered in this paper was suggested in an unpublished memorandum which I 
communicated to the authors. As a result of their studies I discarded this element. The fallacy exposed in this 
paper is that the quadratic approximation along a side is fit to the vertex values and to a taugential derivative 
at one vertex in one element and the other vertex in the adjacent element. The approximation is thus continuous 
across the side only when the data is quadratic. Although there are topologies for which this may he resolved by 
fitting the same tangential derivative, the element was never considered seriously as having practical value. 
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We recall some results from differential calculus and describe some notations. If the function 
f(z,  y) is differentiable then the directional derivative of a function f(z, y) -- f ,  say along the 
direction u, is defined by (0,) D(f)= ~ cosO+ sinO, (2.1) 
where 0 is the angle made by the vector u with the z-axis. 
The normal derivative of a function f(z, y) = f, say to the vector u, is defined by 
(~)= (~)eos¢+(~-~)s in¢ ,  (2.2) 
where ¢ is the angle made by the vector normal to u with the z-axis. 
Let f~ denotes the well-set riangular subdivision of the domain r .  Consider the two arbitrary 
adjacent elements Ta and T# belonging to fl with the common side u, and corresponding to Ta 
and T#; we denote sa and s a the respective interpolants. The C°-continuity along the common 
side u is assured by the following condition 
I. = I.. (2.3) 
In view of (2.1) and (2.2), the CX-continuity along u is defined as follows 
D(s~)[~ = D(st~)l., 
o,o) :o,.)1 
On / lu  = \ On )[." 
(2.4) 
(2.5) 
and 
2.~ The Geometric Consfruction 
The symbol (a; b) denotes the line through points a and b as well as the linear form that 
vanishes on this line. Higher order curves may be denoted by (p; q; r ; . . .  ), the indicated nodes 
lie on the curve and the auxiliary data may be required to determine the curve uniquely. 
Let T1 be the triangle (see Figure 3.2) with the vertices ai (1 _< i _< 3) and aij = aji be 
the midpoints of the edges joining ai to aj for i ¢ j and 1 <_ i < j _< 3. We demonstrate he 
Cl-elements by Figure 3.2 with the following notations: the black point denotes the functional 
value and orthogonal lines to appropriate sides indicate the normal derivatives. 
Consider the Hermite C°-quadratie lement with the usual six quadratic basis functions and 
the additional basis functions ~j  (1 _< i < j _< 3) associated with the side nodes aij: 
V12-" (a1;a3)2(a2;a3)2 
(al; a2; a3) ' 
(2.6) 
2.3 C1-Continnity 
V2a-- (al;a2)2(as;al)2 
(al;a2;a3) ' 
V13 = (al; a2)2(a2; as) 2 
(al;a2; as) 
In view of Lemma 2.1, the usual six quadratic basis functions together with the three rational 
basis functions defined by (2.6) have a quadratic variation on the sides and the normal derivatives 
vary linearly. They may therefore be used to fit values and gradients at the vertices and the side 
nodes; the Cl-continuity is assured [1]. 
2.4 Degree.two Approximation 
The error in the interpolation of a polynomial of maximal degree two is of the form 
N/(al;a~;as), with N a polynomial of maximal degree four that must contain the square of 
the triangle boundary as a factor (that is, a factor of degree six). In view of Lemma 2.2, the 
interpolant thus achieves a degree two approximation. 
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Figure 3.1. The uniform subdivision of the domain. 
3. A COUNTEREXAMPLE 
We consider a special choice of f~ such that each member of the partition f~ is a unit triangle 
(see Figure 3.1). 
Let 2"1 and T2 be the two adjacent triangles with the vertices ai's (i = 1, . . . ,  4) and the common 
side (a2; as) = u, say. We define a# = aji be the midpoints, viz. the side nodes of the edges 
joining ai to aj for i ¢ j and 1 < i < j _ 4. The cartesian coordinates of the vertices ai's 
(i = 1, . . . ,4)  and the side nodes a12, als,a~3, a24 and a~ are given by (0,0), (1,0), (0,1), (1,1), 
(1/2,0), (0,1/2), (1/2,1/2), (1,1/2) and (1/2,1), respectively (Figure 3.2). 
a34 
T 2 
a 3 
~ --a24 
Figure 3.2. The two a~ljacent Cl-elements due to Wachspress. 
The following equations of the linear forms and the equation of the circumcircle are required 
to consider the rational forms defined by (2.6). 
(a l ;a2) -y=O,  (a2 ;as )=_z+y- l=O,  
(as ;a1)  -= ~v = 0, (a2 ;a4)=-z - l=O,  
(a4; a-,O - y - 1 = O, 
(a l ;  a2; a3) - -  (a2; a3; a4) --  z 2 -[- y2 _ z -- y = O. 
(3.1) 
In view of (2.6) and (3.1), we write the six basis functions corresponding to T1 and T~, respectively. 
2O 
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V12 = V(a12) = 
V2s - -  V (a2a)  = 
Vls  - V (a13)  = 
;v ~ (z + y - 1) 2 
(:t2 + y2 _ z - y ) '  
m s y2 
(x~ + y2 _ x - y ) '  
y2 (x + y - 1) 2 
(x2 + y2 _ :t - y)" 
(3.2) 
Element T2: 
1123 = V(a2s)  = 
V34 = V ( as4 ) = 
V24 ---- V(a~4) = 
(x - 1) 2 (y - I) 2 
( z2  + y2 _ z - -  y ) '  
(x--l) 2 (x+y-1)  2 
( z2  + y2 _ z - y )  
(u - 1) ~ (x + y - 1) 2 
(z2 + y2 _ :t - y) 
(3.3) 
3.1 lnterpolat;on 
In this section, we discuss the interpolation problem corresponding to the triangular element 
Tl~fl. 
[ °-/-z ~ = (fz / , f~), say, be prescribed Let f(ai)  = fi, say the functional values, and grad fi = \ o~, oy j  
at the vertices ai's (i = 1, 2, 3). For the side nodes we denote the gradient of the function f by 
(~3,f~s)(1 _< i < j _< 3). Denoting S~(T1)(TI E f~), the interpolation space spanned by the 
nine basis functions described in Section 3, and using the convention regarding the subscripts, 
we state: 
PROPOSITION 3.1. There exits a unique Sl E S2(Tx) which satisfies the following interpolatory 
conditions: 
(0 sl(ai) = f (a~ 
Osl(ai) Of(aO 
(ii) On = On ' 
Oil) Os~(%) _ Of(%) 
On On 
(i = 1,2, 3), (3.4) 
[i = 1,2, 3 to the side (ai; ai+l)], (3.5) 
[(1 _< i < j < 3) to the appropriate side containing aq]. (3.6) 
PROOF. In view of Section 2.2 together with the relations (2.8), the interpolant sl e S2(T,) of 
the Cl-finite element over the triangle 7'1 is of the form 
(3.7) 
In view of the interpolatory conditions (3.4)-(3.6), we determine the free parameters of (3.7) 
uniquely, as follows: 
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1 2 1 a 1 ~ 1 2 
boo -- fl, bl0 = -A  -t- f2 -  ~S~ -t- ~f~ -t" ~f;  -- ~f ; ,  
1~ 1~ 1~ 1 2 
b01 = I 1, bll = /~ - I2 + ~I~ + ~I~ - ~I~ + ~I ; ,  
1 2 1~ 1~ 1 2 
b20 "- ~f ;  -- ~f~ - -  ~f;  -I- ~f ; ,  b02 "- --f l  -I- f3 - -  f~, 
1 2 1 s 3 1 1 2 l f '2  
C12 --- -1 f l  -lt-1,f2 - ~f ;  - ~f :  - -~f; -- ~f ;  Ji- 2,11 , 
1 2 1~ 1~ 1 2 
1 2 3 ~ lena 1 ~ 1 2 
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(3.8) 
Thus, sz(z, y) is unique. This completes the proof of Proposition 3.1. | 
Following the same technique as described in the proof of Proposition 3.1, the Cl-interpolant 
corresponding to the adjacent riangle T2 (viz. s2 ~ $2(T2) ) is given by 
,21 ,  12 i s ] [  ,2 ,s] i It.+~/;-~.r;-~I,; + I2-2f~+/4+~f;-~P~+~f;+~I; x 
[ 12  14  12  la ]  
+ [I~ - ~ + I~] y + - I2  + I ,  - ~I~ + ~I~ - ~/ ;  - ] /~ ,y  
[12  14  12  l s ]y2  -I- [f3 -- f4 -t- f4] ~.2 -I- --~f~ -I- ~f ;  -- ~f;  -I- ~f ;  
"1" [fa -- f4 -- ~f~ "1- ~f ;  "1- f~ -- ~f ;  -- ~f ; . ,  - , , , - L (=2 + y
1 1 2 3,  1,2,+1, l 
+ f2-#f4+~f;~+~f;-2" '  8f~+sf~j I. (x2+y2_,_y) j" 
(3.9) 
3.~ Non-Ezistence of C°-Continuity 
Considering the relation (3.7) with (3.8) and the relation (3.9), we have 
[5 1 2 3 s lf23.{_5 x 1 2 1 2.~] 
81(z,y)[u=f2-k f l--2f2--2fs-- '~f~ w'~f~ + 2,, "~f~--'~f~ +~f~ Y 
[ 3 3 1¢2 s 5 1 1 2 1~] -t- --~-fl -k f2 -I- 3f3.-F I f  2 -  ~f ;  - -2"z - -4 f ;  -I-"~f; - -~f ;  y2, (3.10) 
1 5 1 2 5 4 1¢2s+I  2 3 s 1 2s 1 
82(x, y)l. = 12 + -212 - ~/3 + ~/4 + ~/~ - ~/ ;  - 2 o. ~I ;  - ~I~ - ~/ ;  y 
[ 3 5 1 2 5f4=+lF2 s 1 2 3 s 1 2S]y2. 
+ f2+~f3- -~fA- -~f ;+ 20, - -~f ;  +~f ;  +~f ;  
In view of (3.10) and (3.11), it may be observed easily that 
(3.11) 
(3.12) 
Following (3.12), we therefore conclude that (2.3) does not hold in this case. Thus the C o_ 
continuity is flawed. 
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4. A SHORTER APPROACH TO THE COUNTEREXAMPLE 
Since the usual six quadratic C°-Hermite basis functions are independent ofthe rational supple- 
ments to the class of CLbasis, it is enough to consider only the C°-Hermite basis corresponding 
to the triangles T1 and T2 in order to show the non-existence of C°-continuity. 
REMARK. If we introduce the directional derivatives at the vertices along the sides of the triangles 
in place of the normal derivatives, we achieve C°-continuity but we will have to introduce three 
more functions corresponding to each triangle to obtain Cl-continuity. 
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